We consider polynomial optimization problems formulated in the framework of tropical algebra, where the objective function to minimize and constraints are given by tropical analogues of Puiseux polynomials defined on linearly ordered, algebraically complete (radicable) idempotent semifield (i.e., semiring with idempotent addition and invertible multiplication). To solve the problems, we apply a technique that introduces a parameter to represent the minimum of the objective function, and then reduces the problem to a system of parametrized inequalities. The existence conditions for solutions of the system are used to evaluate the minimum, and the corresponding solutions of the system are taken as a complete solution of the polynomial optimization problem. With this technique, we derive a complete solution of the problems in one variable in a direct analytical form, and show how the solution can be obtained in the case of polynomials in more than one variables. Computational complexity of the solution is estimated, and applications of the results to solve real-world problems are briefly discussed.
Introduction
We considered constrained optimization problems, in which the objective function and constraints are given by polynomials, defined on tropical (idempotent) semifields (i.e., semirings with idempotent addition and invertible multiplication). A tropical polynomial in a variable x can be defined as a formal analogue of a polynomial in conventional algebra f (x) = a 1 x p 1 +· · ·+ a n x pn , where addition and multiplication (and hence exponentiation) are interpreted in the sense of a tropical semifield, and the exponents p 1 , . . . , p n may be negative integer, rational or even real numbers.
Tropical polynomials have been studied in a range of research contexts, from minimax optimization problems in operations research to tropical algebraic geometry. Specifically, polynomials in one variable over the max-plus semifield, which has addition defined as taking maximum and multiplication as arithmetic addition, with nonnegative integer exponents, were examined in [4, 2, 1, 3, 5] . Among the problems, which have been considered, are factorization of polynomials, solution of polynomial equations and of polynomial optimization problems.
In the framework of tropical (algebraic) geometry, tropical polynomials arise as both valuable instrument and important object of analysis, and are normally defined over the min-plus semifield with integer exponents (tropical Laurent polynomials), rational exponents (tropical Puiseux polynomials), and real exponents (generalized tropical Puiseux polynomials) [7, 12, 11, 6] .
In this paper, we are concerned with tropical polynomials in the general setting of an arbitrary linearly ordered idempotent semifield, which has rational exponents well defined and extendable to real exponents. The polynomial functions under study are allowed to have real exponents, and thus can be considered as generalized tropical Puiseux polynomials.
We formulate optimization problems to minimize a tropical polynomial with or without constraints in the form of tropical polynomial inequalities. These problems arise, in particular, in applications that involve solving minimax approximation problems, including minimax single-facility location problems [10, 8, 9] .
To solve the optimization problems, we apply a technique that introduces a parameter to represent the minimum of the objective function, and then reduces the problem to a system of parametrized inequalities. The existence conditions for solutions of the system are used to evaluate the minimum, and the corresponding solutions of the system are taken as a complete solution of the polynomial optimization problem. With this technique, we derive a complete solution of the problems in one variable in a direct analytical form, and show how the solution can be obtained in the case of polynomials in more than one indeterminates. We estimate computational complexity of the solution, and discuss possible lines of future investigation.
The paper is organized as follows. In Section 2, we present an overview of the basic definitions and notation, which underlie the results obtained in the next sections. Section 3 is focused on the solution of the polynomial optimization problems in one variables. We extend the results obtained to handle problems with two variables in Section 4, and draw some conclusions in Section 5.
Generalized Tropical Polynomials
In this section, we outline the basic definitions, properties and notation to be used in the formulation and solution of tropical polynomial optimization problems in the subsequent sections.
Idempotent Semifield
Let X be a nonempty set, which is equipped with addition ⊕ and multiplication ⊗, and has distinct elements zero 0 and one 1 such that (X, 0, ⊕) is an idempotent commutative monoid, (X \ {0}, 1, ⊗) is an Abelian group, and multiplication distributes over addition. Under this conditions, the algebraic system (X, 0, 1, ⊕, ⊗) is usually referred to as an idempotent (tropical) semifield.
Idempotent addition induces a partial order on X by the rule: x ≤ y if and only x ⊕ y = y for any x, y ∈ X. We assume that this partial order is extended to a linear order in the semifield.
The power notation with integer exponents indicates iterated multiplication: 0 n = 0, x 0 = 1, x n = x n−1 x and x −n = (x −1 ) n , where x −1 is the inverse of x, for all x = 0 and natural n. We assume that the equation x n = a has a unique solution x for each a ∈ X and natural n, and thus the semifield is radicable, which allows rational exponents. Moreover, the rational powers are assumed extended (by some appropriate limiting process) to real exponents.
With respect to the order induced by idempotent addition, both addition and multiplication are monotone: the inequality x ≤ y yields x ⊕ z ≤ y ⊕ z and xz ≤ yz (here and henceforth, the multiplication sign ⊗ is omitted for compactness). Furthermore, addition possesses the extremal property (majority law) in the form of the inequalities x ≤ x ⊕ y and y ≤ x ⊕ y . The inequality x ⊕ y ≤ z is equivalent to the pair of inequalities x ≤ z and y ≤ z . Finally, exponentiation is monotone in the sense that, for any x, y = 0, the inequality x ≤ y results in x r ≥ y r if r < 0, and x r ≤ y r if r ≥ 0.
Examples of the semifield under consideration include semifields
where R is the set of all real, and
The semifield R max,+ (max-plus semifield) has the operations ⊕ = max and ⊗ = + and the neutral elements 0 = −∞ and 1 = 0. For each x ∈ R, the inverse x −1 corresponds to −x in the conventional algebra; the power x y coincides with the arithmetic product xy , and thus is defined for all x, y ∈ R. The order induced by idempotent addition is consistent with the natural linear order on R.
In the semifield R min,× , the operations are ⊕ = min and ⊗ = ×, and the neutral elements are 0 = +∞ and 1 = 1. The inversion and exponentiation have the standard interpretation, whereas the order agreed with the addition is opposite to the linear order on R.
Tropical Polynomials
A (generalized) tropical Puiseux polynomial in one variable over X is defined for all x = 0 and a natural number n as follows:
In the context of the max-plus semifield R max,+ , the polynomial is written in terms of the usual operations as
which specifies a piecewise-linear convex function of x ∈ R.
To simplify further formulae, we exploit an equivalent representation using negative indices. With two natural numbers m and n serving to specify the range of indices, the polynomial is given by
where the exponents satisfy the conditions:
Tropical Puiseux polynomials in more than one indeterminates are introduced in the same way. Specifically, the polynomial in two variables is of the form
In terms of R max,+ , we have a convex function, which has the conventional representation
Polynomial Optimization Problems
We are concerned with optimization problems in the tropical algebra setting with the objective function and constraints are given by generalized Puiseux polynomials over a tropical semifield. As an example, consider the constrained problem
The optimization problem is formulated as a minimization problem, where the conventional interpretation of the optimization objective is dependent on the particular semifield. If the problem is given in terms of the max-plus semifield R max,+ , it is a minimization problem in the ordinary sense as well.
Suppose that this problem is considered in the framework of min-semifield R min,× . Then, the problem corresponds to an ordinary maximization problem since the objective min is treated in the sense of the order induced by idempotent addition.
Note that the polynomial optimization problems, when formulated in the sense of R max,+ , can be represented as linear programs and solved by appropriate computational algorithms of linear programming. This approach, however, cannot guarantee a direct solution in an explicit form. In the next sections, we use a tropical algebraic technique to derive a complete analytical solution of the problems in a general setting of an arbitrary idempotent semifield.
Solution of Optimization Problems for Polynomials in One Variable
We start with a complete, direct solution of an unconstrained polynomial optimization problem, which demonstrates the key elements of the algebraic technique used. Then, the solution is further extended to handle problems with polynomial constraints.
Unconstrained Problem
Given a tropical Puiseux polynomial (1), consider the problem to find nonzero x ∈ X that attains min x>0 f (x).
A complete solution of this unconstrained problem is given by the next result.
and all solutions are given by the condition
Proof. To solve problem (3), we introduce an additional parameter θ to serve as an auxiliary variable in the equivalent problem min x>0 θ;
The problem now reduces to solving for x and θ the inequality
The inequality is equivalent to the system of inequalities a i x p i ≤ θ, i = −m, . . . , n, i = 0; a 0 ≤ θ.
Taking into account the sign of exponents p i , we solve the first inequalities for x to obtain
We aggregate the results to represent the inequalities in a compact form of the double inequality −1
where the right-hand side is derived from the second set of inequalities by taking the inverse of both sides, combining the obtained inequalities into one, and then taking the inverse once again. The double inequality determines a nonempty set if and only if the following condition holds:
which is equivalent to the system of inequalities
Solving the inequalities in the system for θ yields
After combining these inequalities and adding the inequality θ ≥ a 0 , we have the lower bound for θ in the form
We denote by µ the minimum of θ , and set this minimum equal to the lower bound to obtain (4). Finally, replacing θ by µ in the double inequality at (6) gives (5) .
Note that the above solution procedure does not need the monomials in a polynomial to be ordered according to their exponents, while partitioning between the distinct negative, zero and positive exponents remains essential for the solution.
The most computationally intensive part of the solution is the evaluation of the minimum µ, which requires O(mn) operations. As a result, the computational complexity of the entire solution is at most a square of the length of the polynomial f (x).
Constrained Problem
Suppose f, g 1 , . . . , g t are tropical Puiseux polynomials over X in the form of (1), and c 1 , . . . , c t are nonzero constants in X. Consider a polynomial optimization problem, formulated in the tropical algebra setting as follows:
Note that, without any loss of generality, we can consider that there is only one inequality constraint in the problem. It is not difficult to see that the system of inequality constraints g i (x) ≤ c i , where i = 1, . . . , t, can easily reduce to one equivalent inequality. Indeed, rewriting these inequalities as c −1 i g i (x) ≤ 1, and combining the results yield g(x) = c −1 1 g 1 (x) ⊕ · · · ⊕ c −1 t g t (x) ≤ 1. Now, we suppose that, given tropical Puiseux polynomials
we need to find nonzero x that solves the problem
Lemma 2. Let the following condition hold:
Then, the minimum in problem (7) is equal to (9) and all solutions are given by the condition
Proof. First, we replace (7) by the equivalent problem min x>0 θ;
s.t. f (x) ≤ θ, g(x) ≤ c, and examine the system of inequalities
We split the inequalities into the system a i x p i ≤ θ, i = −m, . . . , n, i = 0;
b j x q j ≤ c, j = −k, . . . , l, j = 0;
Solving the inequalities in x yields the results:
Next, we aggregate the results into the double inequality
which has solutions provided that the following inequality is valid:
After multiplying the brackets and rearranging the terms, we arrive at the equivalent system of inequalities
By solving the first three inequalities for θ in the same way as above,
Combining the obtained inequalities for θ , including the inequality θ ≥ a 0 obtained before, yields
We rewrite this inequality as equality and replace θ by µ to get (9) . Substitution of µ for θ in (11) gives (10) .
The solution of the last inequality in the system at (12) for c is given by the inequality
This inequality, combined with the inequality c ≥ b 0 , produces the condition at (8) , which implies the existence of solutions of the polynomial inequality constraint in the problem.
Solving Problems in Two Variables
In this section, we examine a problem with two variables without constraints, which allows to simplify further formulae, but follows the same procedure as in the constrained case.
Given a tropical polynomial f (x, y) in the form of (2), we consider the optimization problem min
x,y>0
f (x, y).
Similarly as before, we replace the problem by that in the form min θ;
Then, we solve for one of the variables, say y , the inequality
which we represent as the system of inequalities
Solving the first two inequalities of (14) for y leads to the following double inequality: Similarly as before, we solve this inequality for θ to obtain .
We now examine the left-hand side of the inequality, which presents a tropical sum of monomials of the form ax p . We rearrange the monomials by partitioning between groups with negative, zero and positive exponents, and hence form a tropical Puiseux polynomial, which we denote by h(x).
As a result, the problem in two variables reduces to the polynomial optimization problem in one variable: min x>0 h(x).
By applying Proposition 1, one can obtain the minimum µ of the polynomial h(x) and the solutions, given by a double inequality x 1 ≤ x ≤ x 2 . This inequality together with (15), where µ substitutes for θ provides a complete solution of problem (13).
Note that the solution scheme described presents a variant of procedure of successive elimination of variables. It is not difficult to see that this scheme can be further extended to solve both unconstrained and constrained polynomial optimization problems with many variables. However, with increasing number of variables, the complexity of the analytical solution drastically increases, which invites the development and application of appropriate software tools of numerical and symbolic computations.
Conclusion
We have considered polynomial optimization problems, which involve generalized Puiseux polynomials in the tropical algebra setting to define the objective function and constraints in the problem. We have proposed a solution technique that offers solutions for both unconstrained and constrained optimization problems with one variable. The solutions are given in a direct analytical form, ready for immediate computations with low polynomial complexity. We have extended the solution technique to an unconstrained problem with two variables as a computational procedure, which is based on successive elimination of variables, and can be applied to handle problems with many variables.
The future research can include the derivation of solutions for polynomial problems with more general constraints, and the development of algorithms and software tools of solving problems with arbitrary number of variables.
